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1. Introduction 
High-performance low-cost semiconductor lasers play a crucial role in development of the 
future optical-fiber-based telecommunication systems. It is known that the behavior of a 
semiconductor laser can significantly be altered by external optical feedback, and that this 
effect can be used for improvement of the performance of a laser such as linewidth 
narrowing, threshold lowering and intensity-noise reducing. External optical feedback, on 
the other hand, is also responsible for undesirable phenomena such as mode instability, 
mode hopping and linewidth broadening, which can severely affect the bit-error rate in data 
transmission. For this reason, the development of lasers highly resistant to external optical 
feedback has been the subject of intensive investigations since the last decade. 
The tolerance to external optical feedback has been investigated for quantum-well (QW) 
lasers emitting in the 1.3 mµ  as well as in the 1.55 mµ  wavelength ranges. For 
applications at 1.3 mµ , 350- mµ -long strained multi-quantum-well (MQW)-based 
antireflection (AR)/high reflectivity (HR) distributed feedback (DFB) lasers with a slope 
efficiency of 0.3 /W A  and a threshold of instability of 15dB−  have been shown to be 
suitable for 2.5 /Gb s  transmission without optical isolators under the G.957 International 
Telecommunication Union recommendation, which specifies a threshold of 24dB−  
(Grillot et al., 2003). For the 1.55 mµ  band, more sophisticated MQW-based AR/AR 
chirped-grating DFB lasers were fabricated, with cavities (about 500 mµ  in length) 
composed of a straight section followed by a stripe section of varying width. These lasers 
exhibited a threshold of 22 dB−  obtained with a value of the coupling coefficient equal to 
180cm−  (Grillot et al., 2004). Considered now as a promising alternative to QW lasers for 
next-generation optical-fiber networks, quantum-dot (QD) lasers exhibit many interesting 
properties such as reduced threshold current, low chirp, and weak temperature 
dependence (Bimberg et al., 1999). Moreover, small values of the linewidth enhancement 
factor (LEF or α  factor) of QD lasers are expected to reduce their sensitivity to external 
optical feedback. For emission at 1.3 mµ , InAs/GaAs QD lasers have shown a high 
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resistance to external optical feedback and a threshold of 8dB−  has been obtained for 
long-cavity ( 1.5mm ) devices, resulting from a low LEF value ( 1.6α = ) (O’Brien et al., 
2003). For emission in the 1.55 mµ  band, a progress in the growth of InAs/InP quantum 
dashes (elongated dots, QDashes) (Lelarge et al., 2007) made possible a systematic 
investigation of the tolerance to feedback for Fabry-Perot (F-P) lasers with controlled 
values of the LEF and of the differential gain (Azouigui et al., 2007a, 2007b, 2008, 2009). 
Recently, it was shown that p-type doped InAs/InP QDash DFB lasers are in general 
more resistant than their F-P counterparts (Zou et al., 2010). 
In parallel with experimental investigations, theoretical approaches have also been 
developed (see for example, Tromborg et al., 1984, Schunk & Petermann, 1988 and Binder & 
Cormack, 1989) in order to understand the nonlinear dynamics of a composite laser system. 
Good agreement between experiment and theory has been found when this latter is applied 
in particular to bulk and QW lasers. Most of these methods have been developed on the 
basis of the model proposed by Lang and Kobayashi (L-K model) (Lang & Kobayashi, 1980). 
More recently, asymptotic methods have been applied to modeling of the dynamic 
properties of a laser subject to optical feedback (Erneux, 2000, 2008). In this approach (called 
the asymptotic approach for simplicity), a laser under moderate optical feedback is viewed 
as a weakly-perturbed nonlinear dynamic system and the threshold of instability 
corresponds to the first Hopf bifurcation of the L-K rate equations. 
This chapter investigates a preliminary interpretation of the experimental results recently 
obtained with InAs/InP QDash F-P lasers (Azouigui et al., 2007b, 2008). It has been found 
that the behaviors manifested by these lasers, when assessed for their tolerance to optical 
feedback, can be quite well understood using the formalism developed from the asymptotic 
approach. In Section 2, we will present briefly this formalism. Section 3 will be devoted to a 
simple stability analysis of a composite laser system. In Section 4, a qualitative interpretation 
of experimental results will be made. We will focus on two particular situations: the onset of 
coherence collapse and the fully-developed coherence collapse (Zamora-Munt et al., 2010). 
In Section 5, we will make a direct comparison between an analytical expression derived in 
Section 4 and a widely employed model for determination of the critical feedback level. A 
conclusion will be given in Section 6. 
2. Solution of the L-K equations 
In this section, the L-K rate equations will be analytically solved under the assumption of 
low feedback level. By means of the obtained solutions, the stability of a possible mode of a 
composite laser system will be completely characterized. We will review the formalism 
developed in (Erneux, 2000, 2008), outline the main stages of its derivation and introduce 
some notations that we will use in the following sections. 
2.1 Dimensionless L-K equations 
Consider the configuration of Fig. 1. A single-longitudinal-mode laser diode is in resonance 
with a F-P resonator. We assume that the mirror M  is dispersionless and passive. We also 
consider small feedback effect (i.e. 2 1R << ), so multiple reflections are neglected. 
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Fig. 1. Schematic drawing of a laser diode with external optical feedback. The external cavity 
is formed with the output facet of the laser with a reflectivity 1R  and a distant mirror M  
with a reflectivity 2R . 0ω : emission (angular) frequency; inτ : internal round-trip time; 0P : 
emission power; 1P : feedback power. 
The emission behavior of the above composite system is determined by the interference of 
the initial and time-delayed waves. Under the assumption of weak feedback level, the 
electric field ( )E t  and the carrier density ( )n t  satisfy the L-K rate equations 
 0( ) (1 ) ( ) ( ) ( )exp( )
2
E t j n t E t E t j
ξ
α γ τ ω τ= + + − −  (1) 
 
2
0
1
( )
( ) ( ) ( )th
n t
n t J J n t E t
T
ξ= − − − Γ +⎡ ⎤⎣ ⎦  (2) 
where ξ  (in 1s− ) is the differential gain, α  is the linewidth enhancement factor (LEF), γ  (in 
1s− ) is the feedback rate, τ  (in seconds) is the external delay time, thJ J−  (in 
1s− ) is the 
pumping current above threshold, 1T  (in seconds) is the carrier life time and 0Γ  (in 1s− ) is 
the inverse photon life time. The feedback rate γ  is defined as 
 
2
1 2
1
(1 )
in
r r
r
γ
τ
−
=  (3) 
In this equation, 1r  ( 1 1r R= ) and 2r  ( 2 2r R= ) are the reflection coefficients of the 
output facet of the laser and of the external mirror, respectively. In these notations, the 
relaxation oscillation (RO) frequency Rω  and the damping rate RΓ  of the solitary laser are 
defined by 
 0
1
1 1
( )
2
R RI and I
T
ω ξ ξ= Γ Γ = +  (4) 
where I  [dimensionless, 0( ) /thI J J= − Γ ] is the photon number for the solitary laser. 
It would be more convenient to use the dimensionless form of the above equations. Defining 
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M
τ
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R
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P
1
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 (5) 
then Equations (1) and (2) become 
 0( ) (1 ) ( ) ( ) ( )exp( )Y s j N s Y s Y s jα η θ= + + − − ∆  (6) 
 
2
( ) ( ) [1 2 ( )] ( )N s T P N s N s Y s= − − +  (7) 
where 
 0 0 0 0 0 1 1
0 0
, , ,
2
thJ JT T and P T
γ ξη θ τ ω τ θ −= = Γ ∆ = = Ω = Γ =
Γ Γ
 (8) 
In (8), η  is the normalized feedback rate, 0∆  is the initial feedback phase and P  is the 
controlling parameter, called the pump parameter above threshold. 
2.2 Stability analysis 
The L-K equations (6) and (7) describe the dynamic response of a single-mode laser subject 
to optical feedback from a distant mirror. By using exp( )Y R j= Φ  as the expression for the 
electrical field, we obtain ( Z N= ) 
 0( ) ( ) ( ) ( )cos[ ( ) ( ) ]R s Z s R s R s s sη θ θ= + − Φ − − Φ − ∆  (9) 
 0
( )
( ) ( ) sin[ ( ) ( ) ]
( )
R s
s Z s s s
R s
θ
α η θ−Φ = + Φ − − Φ − ∆  (10) 
 2( ) ( ) [1 2 ( )] ( )Z s T P Z s Z s R s= − − +  (11) 
Equations (9)-(11) admit a basic steady-state solution 
 exp( )Y R j and Z= Φ    (12) 
where R , Φ  and Z  are given by 
 0
cos( )
, ( ) ( ) cos( )
1 2 cos( )
P
R A Q s s and Z B
η η
η
+ ∆
= = Φ = = Ω − Ω = = − ∆
− ∆
   (13) 
Y  (together with Z ) is called an external-cavity mode or ECM. The feedback phase ∆  (
ωτ θ∆ = = Ω ) associated with this mode must be a solution of the following phase equation 
 0 [ cos( ) sin( )]ηθ α∆ − ∆ = − ∆ + ∆  (14) 
We investigate the linear stability properties of Eqs. (9)-(11) by introducing the small 
perturbations u , v  and w . By inserting R A u= + , Q vΦ = +  and Z B w= +  into these 
equations, we obtain the following linearzed equations for u , v  and w  
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 ( ) [ ( ) ( )] sin( )[ ( ) ( )] ( )u s B u s u s A v s v s Aw sθ η θ= − − − + ∆ − − +  (15) 
 
sin( )
( ) [ ( ) ( )] [ ( ) ( )] ( )v s u s u s B v s v s w s
A
η θ θ α− ∆= − − − − − +  (16) 
 2( ) 2 (1 2 ) ( ) (1 2 ) ( )w s T A B u s A w s= − + − +  (17) 
We solve these equations by looking for a solution of the form ( ) exp( )u s a sλ= , 
( ) exp( )v s b sλ=  and ( ) exp( )w s c sλ= . We then obtain the following problem for the 
coefficients a , b  and c  
 J
a a
b L b
c c
λ
⎛ ⎞ ⎛ ⎞⎜ ⎟ ⎜ ⎟
=⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
or J J JV L Vλ =  (18) 
where JV  is the eigenvector of the Jacobian matrix JL  given by 
 1
2
sin( )
sin( )
2 (1 2 ) 0 (1 2 )
J
BF FA A
L FA BF
A B A
η
η α
ε ε
−
− ∆⎛ ⎞⎜ ⎟
= − ∆ −⎜ ⎟⎜ ⎟
− + − +⎝ ⎠
 (19) 
with exp( ) 1F λθ= − −  and 1Tε −= . A nontrivial solution is possible only if the growth rate 
λ  satisfies the condition ( )3det 0JL Iλ− =  (with 3I : identity matrix), leading to a 
characteristic equation for λ  ( 1 2jλ λ λ= + ). Under the approximation of low feedback rate 
(i.e. small values of γτ ), there is only one ECM. By applying an asymptotic analysis to (13) 
and to the characteristic equation [details in (Erneux, 2000, 2008)], we obtain the normalized 
damping rate 1λ  and RO frequency 2λ  
 ( )2 21 0
0 0
sin 1 cos
2
R Rγ ω τλ α ψ−Γ ⎛ ⎞= − + ∆ −⎜ ⎟Γ Γ ⎝ ⎠  (20) 
 ( ) ( )22 0
0 0
sin 1 cos
2
R
R
ω γλ ω τ α ψ= ± + ∆ −
Γ Γ
∓  (21) 
where ( )arctgψ α= . Equation (21) implies, among other things, that if Rω τ  is an odd 
multiple of pi , the feedback will not affect the RO frequency of the solitary laser. 
3. Further discussions 
3.1 First Hopf bifurcation 
The stability of an equilibrium (or a fixed) point Y  of the electrical field Y  is determined by 
the eigenvalue λ  of the Jacobian matrix JL . With increasing feedback rate, an ECM will 
experience a change of its stability through a Hopf bifurcation. Under the assumption of low 
feedback rate, this mode will become unstable if 1λ  changes from negative to positive 
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values, corresponding to an undamped optical power proportional to 
2
Y . As can be seen 
from Eq.(20), such a situation occurs only if 
 0cos( ) 0ψ∆ − <  (22) 
It follows that an ECM will lose its stability at 1 0λ = . For a real laser system, this threshold 
is commonly called the onset of «coherence collapse», since the laser exhibits a drastic 
linewidth broadening in this state. From Eq.(20) and (8), the normalized critical feedback 
rate is given by 
 
2 2
0sin ( ) 1 cos( )
2
c
R
η
ω τ
α ψ
−Γ
=
+ ∆ −
 (23) 
where 0/RΓ = Γ Γ . It would be worthwhile to notice here that although the term 0cos( )ψ∆ −  
should be negative ( 0)η ≥ , it is not necessarily equal to 1− . 
3.2 Stability characterization of an ECM 
The stability of an ECM will be completely determined if the three components a , b  and c  
of the eigenvector JV  are known. They can be derived from Eqs.(18) and (19) and written as 
functions of a . Since the value of a  can arbitrarily be chosen ( 0)a ≠ , we thus take 1a =  
and express these coefficients as follows 
 1, ( ) /( )a b k h BF and c hα λ= = + + =  (24) 
where 
 
2sin( ) 2 (1 2 ) (1 2 )
, ,
1
fA B A
k f g and h
A g
η ε ε
λ λ
− ∆ − + +
= = = =
+
 (25) 
In this way, the time-dependent electrical field of an ECM is determined by 
 
( ) ( ) ( )exp , exp expR A s Q b s and Z B c sλ λ λ= + Φ = + = +
 
(26)
 
Phase portraits in the different state spaces have been proposed to illustrate the stability 
properties of an ECM, as for example in the equivalent planes of ( , )I n  (Mørk et al., 1988) 
and of ( ( ) ( )s s θΦ − Φ − , 0cos[ ( ) ( ) ])s sη θ− Φ − Φ − + ∆  (Sano, 1994), and also in the planes of 
the different components of the electrical field and the carrier density (Tromborg & Mørk, 
1990). Here we simply illustrate the transient trajectories (for 0 10000s = − ), in the complex 
plane, of R , Φ  and Z  (Figs. 2-5), for a composite laser system with the normalized 
feedback rate around its instability threshold. The laser parameters and their values are 
given in Table 1. As can be seen from these figures, equivalent to the above mentioned 
methods, such a representation allows a straightforward interpretation of the transient 
behaviors of a composite laser system. 
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symbol value description 
α  5 linewidth enhancement factor 
ξ  2×10–4 s–1 differential gain 
0Γ  4×1011 s–1 inverse photon life time 
1T  14×10–10 s carrier life time 
0λ  1.55×10–6 m solitary-laser wavelength 
L  0.03 m external-cavity length 
0∆  –2.02683397 rad initial feedback phase 
∆  –1.54276496 rad ECM feedback phase 
P  5×10–3 pump parameter above threshold 
Table 1. Laser parameters and their values used in most of the figures in the text. 
 
 
                         (a)                                            (b)                                             (c) 
Fig. 2. Stability features of a solitary laser ( 0)η = . Phase portraits in the complex plane for 
the electrical field Y  (attractor solution). Trajectories for (a): the amplitude R , (b): the phase 
Φ  and (c): the carrier density Z . The square symbol denotes the initial state at 0s = . 
 
 
                            (a)                                          (b)                                            (c) 
Fig. 3. Stability features of the same laser with the normalized feedback rate close to its 
threshold ( 0.85 )cη η= . Phase portraits in the complex plane for the electrical field Y  
(attractor solution). Trajectories for (a): the amplitude R , (b): the phase Φ  and (c): the 
carrier density Z . The square symbol denotes the initial state at 0s = . 
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                           (a)                                             (b)                                            (c) 
Fig. 4. Stability features of the same laser at the onset of coherence collapse ( )cη η= . Phase 
portraits in the complex plane for the electrical field Y  (limit-cycle solution). Trajectories for 
(a): the amplitude R , (b): the phase Φ  and (c): the carrier density Z . The square symbol 
denotes the initial state at 0s = . 
 
                            (a)                                            (b)                                            (c) 
Fig. 5. Stability features of the same laser becoming now coherence-collapsed ( 1.15 )cη η= . 
Phase portraits in the complex plane for the electrical field Y  (repellor solution). Trajectories 
for (a): the amplitude R , (b): the phase Φ  and (c): the carrier density Z . The square symbol 
denotes the initial state at 0s = . 
4. Qualitative interpretation 
As mentioned in the introduction, a preliminary interpretation of the experimental results 
obtained with InAs/InP QDash F-P lasers will be performed in this section using the 
analytical expressions derived in Section 3. We concentrate on two laser states in which 
some typical phenomena were observed in these experiments: the onset of coherence 
collapse (CC) and the regime of fully-developed coherence collapse. 
4.1 Onset of coherence collapse 
This state corresponds to the first Hopf bifurcation of the L-K rate equations. We hence have 
for the critical feedback rate 
 
2 2
0sin ( ) 1 cos( )
2
R
c
R
γ
ω τ
α ψ
−Γ
=
+ ∆ −
 (27) 
If the feedback level is defined as the ratio of the feedback power to the solitary-laser 
emission power, it can be written at the CC onset as 
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2
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1 2 01
2
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(1 ) ( )exp( )
( )
c
r r E t jP
f
P E t
τ ω τ− − −
= =  (28) 
In steady state, we have from Eq.(3) 
 
2 2
2 2 2 2 2 2 1
1 2 1
4 2 2
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(1 )
sin ( )(1 )cos ( )
2
R in
c c in
R
R
f r r r
τγ τ
ω τ
α ψ
Γ
= − = =
+ ∆ −
 (29) 
In general, the critical feedback level cf  is a parabolic function of the pumping current 
above threshold 
 
2
1 2 2 2 21
1 0 1 0
2 4 2 2
1 0
1 2 ( ) ( )
4 sin ( )(1 )cos ( )
2
in
c th th
R
R
f T J J T J J
T
τ ξ ξ
ω τ
α ψ
− −⎡ ⎤= + Γ − + Γ −⎣ ⎦
+ ∆ −
 (30) 
It can easily be shown that the quadratic dependence of cf  on thJ J−  can be neglected if the 
RO frequency Rω  satisfies 
1
1 02 /( )R Tω
−<< Γ . For example, if the photon lifetime 10
−Γ  and 
the carrier lifetime 1T  are taken respectively as 2.5 ps  and 1.4 ns  (Table 1), we have 
/(2 ) 3.8R GHzω pi << . In this case, Eq.(30) is simplified as 
 
2
11
1 0
2 4 2 2
1 0
1 2 ( )
4 sin ( )(1 )cos ( )
2
in
c th
R
R
f T J J
T
τ ξ
ω τ
α ψ
−⎡ ⎤= + Γ −⎣ ⎦
+ ∆ −
 (31) 
where the slope is proportional to the differential gain ξ  and inversely proportional to the 
LEF α . The experimental evidence of the impact of α  and ξ  on cf  for InAs/InP QDash F-
P lasers is reported in (Azouigui et al., 2008). In this study, the linear dependence of cf  on 
thJ J−  was systematically observed with these lasers, which were fabricated on the basis of 
three different material (dash-in-a-barrier, dash-in-a-well and tunnel-injection) structures 
and processed from several structures exhibiting various values of α  and ξ  (Fig. 6). 
 
Fig. 6. Onsets of CC measured as a function of the pumping current above threshold, for seven 
laser structures, using an 18 m -long optical-fiber-based external cavity (Azouigui et al., 2008). 
All the devices are 600- mµ -long as-cleaved F-P lasers. The most resistant lasers were 
fabricated from the structure 1S , since it has the lowest α  value as well as the highest ξ  one. 
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4.2 Fully-developed coherence collapse 
It is widely-recognized that when a laser, subject to moderate amounts of optical feedback, 
operates close to its solitary threshold, it exhibits a rather complex behavior due to the so-
called low-frequency fluctuations (LFF), and that for a large enough pumping current there 
will occur a transition from the regime of LFF to the regime of fully-developed coherence 
collapse (FDCC). In a recent experimental investigation, the LFF regime was observed 
around laser threshold (13 )mA  at 1.2 dB−  feedback, for a 600- mµ -long InAs/InP QDash 
F-P laser emitting at 1.57 mµ  and using a free-space setup with a short external cavity 
( 0.5 )L m=  (Azouigui et al., 2007b). In these experiments, the regime of FDCC was attained 
at about 30 mA . A number of feedback-induced phenomena were manifested in the 
frequency domain, such as RF (radio-frequency) noise enhancement, frequency shift and 
peak broadening (Fig. 7). In this section, we will give some explanations of all these 
phenomena by using the formalism developed in Section 3. An intensive discussion about 
the physical origin of the LFF regime and the mechanism of its transition to the FDCC 
regime, based on numerical simulations of the L-K rate equations, is found in (Sano, 1994) 
and (Zamora-Munt et al., 2010). 
 
Fig. 7. Measured RF spectra with increasing feedback level, for a pumping current of 30 mA  
(Azouigui et al., 2007b). 
Let us first have a look at the expression for the intensity of an ECM. It can be derived from 
(26) and be written in general as 
 ( ) ( ) ( )
( ) ( ) ( )
2 2
2
2
2 1 1 2
2 1 1 2 2 2
( ) exp( 2 ) ( )
exp( 2 ) exp 2 2 exp cos
: exp sin cos
Y s R s
A s A s s
with s b s b s
λ λ λ
λ λ λ
= − Φ
⎡ ⎤= − Φ + +⎣ ⎦
⎡ ⎤Φ = +⎣ ⎦
 (32) 
In this equation, 2Φ  is the imaginary part of Φ , which is non-null in steady state for a 
coherence-collapsed laser; 1b  and 2b  are respectively the real and imaginary parts of b . At 
the onset of CC ( 1 0λ = ), this equation is reduced to 
 ( ) ( ){ } ( )2 21 2 2 2 2( ) exp 2 sin cos 1 2 coscY s b s b s A A sλ λ λ⎡ ⎤⎡ ⎤= − + + +⎣ ⎦ ⎣ ⎦  (33) 
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In this particular case, the 1λ -dependent exponential terms disappear and the intensity of an 
ECM displays equal-amplitude pulses. As an example, the intensity distributions of an ECM 
for the normalized feedback rate around its instability threshold, calculated from Eq.(32), are 
illustrated in Fig. 8. In this example, the laser is pumped by a relatively strong current 
3( 5 10 )P −= × . This, as expected, results in a rapid damping (when cη η< ) of its emission 
power to a steady-state value proportional to 2A , which is close to zero according to our 
notations [as can be seen in (13) for the definition of A  and in (5) where 
2 21410E Y∝ ]. 
 
                          (a)                                              (b)                                              (c) 
Fig. 8. Time traces of the transient intensity 
2
( )Y s  for the normalized feedback rate around 
its critical threshold. (a) 0.99 cη η= ; (b) cη η= ; (c) 1.01 cη η= . 
4.2.1 Feedback-enhanced RF noise 
The intensity distributions of an ECM are plotted in Fig. 9 (a), for two values of the 
normalized feedback rate and for a great P  value 3( 5 10 )P −= × . This result suggests that for 
a coherence-collapsed laser pumped by a large current, a small excess (a few percentages) in 
feedback level could lead to a significant increase of the RF noise, and therefore of the 
spectrum power as shown in Fig. 7. 
4.2.2 Feedback-induced frequency shift and peak broadening 
Figure 7 also shows that in the frequency domain, the increase of the RF noise with the 
feedback level is accompanied by a shift, to the greater frequencies (blue shift), of the peaks 
and their broadening. According to Eq.(32), at the CC onset as well as inside the CC regime, 
the undamped optical power of an ECM will oscillate at the frequency 2λ  (see also Fig. 8), 
which is greater than the normalized solitary-laser RO frequency 0/Rω Γ  if mod 2Rω τ pi pi<  
[ sin( ) 0Rω τ > ]. This equation also predicts a peak broadening with the feedback level. Since 
1 0λ ≥  for a coherence-collapsed laser, these peaks will have the narrowest width at the 
onset of CC. Figure 9 (b) depicts the calculated Fourier spectra of an ECM, showing a good 
qualitative agreement with the experimental findings illustrated in Fig. 7. 
4.2.3 Current-induced frequency increasing and peak broadening 
In the case of a given feedback rate and for a short external cavity ( /2)Rω τ pi< , Equation 
(21) suggests a monotonous increasing, through the term sin( )Rω τ , of the RO frequency 2λ  
with the pumping current J  when the laser system passes from LFF to FDCC regime 
[Fig. 10, (a)]. The nonlinear relation between 2λ  and J  can be checked by inspection of 
Fig. 10, (b), where the RF spectra were obtained with a 0.5 m -long external cavity. 
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                                             (a)                                                        (b) 
Fig. 9. Feedback-induced phenomena inside the FDCC regime with 35 10P −= × , predicted 
by Eq.(32). The other parameter values are given in Table 1. (a) Time traces of the feedback-
enhanced RF noise in terms of ECM intensity. Blue: 1.01 cη η= ; Red: 1.05 cη η= . (b) 
Feedback-enhanced frequency blue shift and peak broadening (FFT: Fast Fourier 
Transform). Black: 0η = ; Red: cη η= ; Green: 1.01 cη η= ; Blue: 1.02 cη η= . The first pixel 
corresponds to the position of the normalized solitary-laser RO frequency 0/Rω Γ . 
                   
                                           (a)                                                           (b) 
Fig. 10. Current-induced frequency increasing and peak broadening during the transition 
from the LFF regime to the FDCC regime. (a) Variation of 2λ  as a function of P  for several 
values of the normalized feedback rate, calculated from Eq.(21). (b) Measured RF spectra at 
1.2 dB−  feedback (Azouigui et al., 2007b). The transition period corresponds roughly to a 
variation of the pumping current from 17 mA  to 30 mA . 
5. Comparison with a classical model 
 
Fig. 11. Measured values of the CC onset versus predicted ones deduced from Eq.(10) in 
(Helms & Petermann, 1990) (Azouigui et al., 2008). Compared to the structure 2S  (see 
Fig. 6), the structure 1S  has a smaller slope, which means that its measured onset values are 
closer to the predicted ones. 
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In this section, the difference between Eq.(29) and the model proposed by Helms and 
Petermann (denoted as the H-P model, Helms & Petermann, 1990) will be discussed from a 
practical point of view, for the case of long external cavities (where Rω τ  is set to be an odd 
multiple of pi ). A deeper analysis of the cause for this difference is beyond the scope of the 
present work. We are motivated by such an approach also because when we undertook an 
interpretation of Fig. 6, we found that although for all structures the threshold values 
predicted by the H-P model follow the same trend as the measured ones, a difference of 
8 10 dB−  is systematically obtained between the measured and predicted values (Fig. 11). 
Equation (29) predicts a linear dependence of the onset of CC on the output-facet reflectivity 
of the laser diode. By assuming a long external cavity, it is simplified as 
 
2 2
1
2 2
0(1 )cos ( )
R in
c
R
f
τ
α ψ
Γ
=
+ ∆ −
 (34) 
Remember that 0cos( )ψ∆ −  should take negative values. The critical feedback level 
predicted by the H-P model, which was established in the small-signal domain with the help 
of a transfer function from the modulation current to the modulated optical power, is 
determined by [Eq.(8) in Helms & Petermann, 1990] 
 
2 2
2 2(1 )16
H P R in
c
l
f
C
τ
α
−
Γ
=
+
 (35) 
where lC  denotes the coupling strength from the laser cavity to the external cavity. It is 
given by 1 1(1 ) /(2 )lC R R= −  ( 0 )lC≤ ≤ ∞  for a F-P laser. The difference between these two 
models is expressed by β , defined as the ratio of H Pcf −  and cf  in logarithmic form 
 
2
20
10 10 10 02
1
cos ( )
( ) 10log 10log 10log cos ( ) 2.9
4(1 )
H P
c
c
f
dB
f R
ψβ ψ
− ∆ − ⎡ ⎤= = = ∆ − −⎣ ⎦
−
 (36) 
where we have taken 1 0.3R =  for an as-cleaved F-P laser. As indicated in this expression, β  
will be mainly affected by the term 0 ψ∆ − . This term, varying in the range 
0/2 mod 2 mod 2pi pi ψ pi pi< ∆ − ≤ , corresponds to a very large variation range of β  
[Fig. 12, (a)]. For example, if 0 ψ pi∆ − = , we have 0cos( ) 1ψ∆ − = −  and 2.9 dBβ = − . One 
radian less for the initial feedback phase, i.e. 0 1ψ pi∆ − = − , will result in 
0cos( ) 0.54ψ∆ − = −  and 8.3 dBβ = − . The absence of the cosine term in the denominator of 
H P
cf
−  makes the H-P model correspond to the most unfavorable situation. For a given initial 
frequency 0ω , two factors can considerably influence the β  ratio: the external delay time τ  
and the LEF α . Singularity occurs if the initial feedback phase 0∆  approaches 
( /2 mod 2 )ψ pi pi+ . Moreover, β  is highly sensitive to very small variations of the external-
cavity length L , because of the ratio 0/L λ  in the expression of 0∆ , where L  is in meter 
and 0λ  in micron. An example is given in Fig. 12, (b). 
We can see from this specific case that for a given α  value [ α  should be greater than 1, in 
order that Eq.(35) holds, according to the H-P model], the values of β  can be quite different 
due to small oscillations of the L  value, and that for a positive (negative) increment of L , 
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β  increases (decreases) with α . A further analysis of this figure would give some 
qualitative explications of the observations stated above (Fig. 11). (1) For the curve where L  
is taken exactly as 18 m , β  increases with α . This means that a laser with a smaller α  
value would have a CC onset value closer to that predicted by the H-P model. 
Experimentally, we did observe such behavior. As shown in Fig. 11, the structure 1S  
( 3.6)α =  has a smaller β  ratio than the structure 2S  ( 5.1)α = ; (2) The incertitude of the 
measurement (within hundreds of microns) of the external-cavity length can affect 
considerably the β  value. 
                 
(a)                                                                (b) 
Fig. 12. (a) Dependence of β  on 0 ψ∆ −  (red curve), in the range 0/2pi ψ pi< ∆ − ≤ . For 
values of 0 ψ∆ −  away from pi , there exists a great difference between Eq.(34) and Eq.(35). 
(b) Variation of β  as a function of α , for an 18 m -long optical-fiber-based external cavity. 
The refractive index of the fiber was taken as 1.5  for a solitary laser emitting at the 
wavelength of 1.55 mµ . The small increments around L  were chosen arbitrarily. 
6. Conclusion 
The asymptotic approach provides a useful tool for stability modeling of bulk, quantum-
well as well as quantum-dash semiconductor lasers with optical feedback. The analytical 
solution of the Lang and Kobayashi rate equations derived using this approach enables a 
complete description, in the phase space and also in the time domain, of an external-cavity 
mode for a composite laser system close to, at the onset of as well as inside the coherence-
collapse regime. More specifically, by use of this model, the temporal and spectral behaviors 
of the laser system in the regime of fully-developed coherence collapse, usually numerically 
analyzed, can be described in an analytical way. This model gives a quite good physical 
insight of the phenomena recently observed with 1.55- mµ  InAs/InP quantum-dash Fabry-
Perot lasers, when these lasers were characterized for their resistivity to optical feedback 
originating from two different external-cavity configurations: one was based on a 0.5 m -
long free-space setup and another was composed of an 18 m -long optical fiber. Compared 
to the H-P model, the expression for determination of the threshold of coherence collapse 
derived in Section 4, namely Eq.(29), is found to be in better agreement (a «gain» of at least 
~ 3 dB) with the experimental data obtained with these lasers fabricated from quantum-
dash-based nanostructures. However, it seems that its use would require, for each value of 
the pumping current, more certitude on the measurement of the solitary-laser wavelength 
and also on that of the external-cavity length. 
The dynamics of the low-frequency fluctuations will be investigated in the near future using 
this approach in comparison with numerical approaches so far reported in the literature. 
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